It is well known that multi-item revenue optimal mechanisms can be very complex. Expressed as menus where each option corresponds to an allocation paired with a price, optimal mechanisms may price many different bundles of items at different prices, and even offer an unbounded number of random allocations or lotteries [3] . Such complexity is thought to be necessary as the revenue gaps between randomized and deterministic mechanisms, or between deterministic and simple mechanisms, are huge even for simple classes of valuations. We challenge this conventional belief by showing that these large gaps can only happen in situations where buyers' actions are severely restricted. These are situations where the mechanism sells a bundle of items at a higher price than the sum of the prices of the constituent items and buyers wanting to purchase such a bundle must pay this premium as they are not allowed to purchase the constituents separately.
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We consider Sybil-proof or buy-many mechanisms where the buyer is allowed to purchase any multi-set of menu options (of arbitrary size); The buyer pays the sum of the prices of the menu options and obtains the union of the corresponding allocations. 1 Our main result is that the revenue obtained by a Sybil-proof or buy-many mechanism is at most a logarithmic factor larger than the revenue achievable using a particular class of simple mechanisms, namely item pricing. 2 This holds in the most general setting possible, with an arbitrarily correlated distribution of buyer types and arbitrary valuations over n items. Denoting by SybilProofRev the optimal revenue achievable through (potentially randomized) Sybil-proof mechanisms, and SRev the optimal revenue obtained by an item pricing, our main theorem is:
For any distribution over arbitrary valuation functions, SybilProofRev SRev = O(log n). 1 When the menu contains lotteries, each lottery bought by the buyer is instantiated independently. There is a slight distinction between whether the buyer can select a multi-set of options adaptively depending on outcomes of previous lotteries, or non-adaptively. Our results apply to both settings. 2 An item pricing is an additive pricing function: items are assigned prices and the cost of a set is the sum of its item prices.
In contrast, previous work showed that for any n > 1 there exist distributions over additive valuations for which Rev/DRev = ∞ and DRev/SRev = 2 Ω(n) [6] , as well as distributions over unitdemand valuations for which Rev/SRev = ∞ [2] . Here Rev denotes the optimal revenue obtained by any randomized IC mechanism, and DRev the optimal revenue obtained by any deterministic mechanism. Our result implies that Sybil-proofness places a significant restriction on the seller-it can lower the seller's revenue by an unboundedly large factor.
We show that this result is tight in a very strong sense as even very complex mechanisms cannot get better than logarithmic approximation to SybilProofRev. Theorem 2. No mechanism with sub-exponential description complexity can obtain a o(log n) fraction of the optimal deterministic Sybil-proof revenue, even for additive buyers.
Item pricing matches this bound against randomized mechanisms while having only linear description complexity. Our results directly extend the work of Briest et al. [2] who previously proved the same logarithmic upper and lower bounds for the special case of unit-demand buyers.
Implications for menu size complexity. The menu size of an auction, defined as the number of different outcomes the seller offers to the buyer, has been studied extensively in literature as a measure of complexity for single-buyer mechanisms (see, e.g., [1, [4] [5] [6] ). Hart and Nisan [6] introduced the concept of "additive menu size", namely the number of "basic" options a buy-many mechanism offers, and showed that even mechanisms with small additive menu size cannot capture a good fraction of the optimal revenue. Our results show that allowing the buyer to purchase multiple options doesn't just allow a more succinct description of the mechanism, it also fundamentally changes the set of mechanisms available to the seller. Our work calls for a renewed investigation of additive menu-size complexity of Sybil-proof mechanisms.
Our techniques. Underlying our upper bound is the following general theorem that may be of independent interest. We show that if a pricing function д point-wise c-approximates a pricing function f , then a particular (random) scaling of д obtains an O(log c)-approximation in revenue to f with respect to any arbitrary distribution over valuation functions. Rev v (f ). Theorem 3 is easy to prove for single-minded buyers, but for general valuations requires a careful handling of incentives. Obtaining Theorem 1 then merely requires showing that additive functions approximate Sybil-proof pricings pointwise within a factor of n. This is straightforward to show for adaptively Sybil-proof menus. Non-adaptively Sybil-proof menus require an additional argument.
